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Abstract. The n/g* g™ effective vertex function is calculated in the QCD hard-scattering approach, taking
into account the n’-meson mass. We work in the approximation in which only one non-leading Gegenbauer
moment for both the quark—antiquark and the gluonic light-cone distribution amplitudes for the 1’-meson
is kept. The vertex function with one off-shell gluon is shown to have the form (valid for |¢7| > mf,,)

Fn/g*g(qf, O,mf],) = mi,H(qf)/(qf — mf]/), where H(q?) is a slowly varying function, derived analytically
in this paper. The resulting vertex function is in agreement with the phenomenologically inferred form of
this vertex obtained from an analysis of the CLEO data on the n'-meson energy spectrum in the decay

T(1S) — 1’ X. We also present an interpolating formula for the vertex function Fn/g*g(qf, 0, mi/) for the

space-like region of the virtuality ¢?, which satisfies the QCD anomaly normalization for on-shell gluons

and the perturbative QCD result for the gluon virtuality |¢| > 2 GeV>.

1 Introduction

We reanalyze the n/g* g*) vertex involving two gluons and
the n'-meson, in which one or both of the gluons can be
virtual. The n'g*g(*) effective vertex function (or the 7/~
gluon transition form factor) enters in a number of decays
such as J/v —» n'y, B — (m,p, K, K*)Y, B> n'X, T —
7’ X, T — n'v, and hadronic production processes, such as
N+ N(N) — 1’ X, and hence is of great phenomenological
importance. Its electromagnetic counterpart, namely the
vertex 7'y*~y (equivalently the n’—y transition form factor)
has been measured in the process vy* — 1’ and analyzed
in the perturbative QCD approach to exclusive processes.
There is no direct experimental measurement of its QCD
analogue, i.e., the process gg* — 1/, but inclusive decays
of the heavy mesons such as B — ' X, and 7'(15) —» ' X
are probably as close as one could get phenomenologically
to the underlying vertex.

A first attempt to describe the n'g*g vertex in terms
of the convolution of the distribution amplitudes (DAs) of
the n’-meson in the lowest-twist (twist-two) approximation
and a hard-scattering kernel, involving the perturbatively
calculable processes q¢ — gg and gg — gg, was undertaken
in [1]. In an earlier paper [2], we extended this analysis to
the case involving two virtual gluons, i.e. the vertex n'¢g*g*
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and studied the effect of including the transverse momen-
tum of the partons in the n’-meson using the Sudakov for-
malism. Subsequent to this detailed study, the n’g*g* ver-
tex was studied in [3,4], ignoring the transverse-momentum
effects. The latter of the two included power corrections
in 1/Q?" by using the running coupling constant method
in the standard hard-scattering approach. However, both
of these papers, as well as the earlier ones, neglected the
7’-meson mass effects. While ignoring the meson mass is
an excellent approximation for the pion—photon transition
form factor (equivalently the my*~y vertex), this is not ex-
pected to be quantitatively reliable for the case of the
n’-meson due to its large mass, m,y = 958 MeV, in partic-
ular for the lower Q2 region, where Q2 is the virtuality in
the n/g*g*) vertex. We present an improved calculation of
the n'g*g* effective vertex function including the 7’-meson
mass. In doing this, we also correct an error in our earlier
paper [2] due to an inappropriate choice of the projection
operator of the 7’-meson onto the two-gluon state.

A phenomenological form for the n'—¢g transition form
factor was proposed by Kagan and Petrov some time ago
[5]:

m%, H(q?,0, m%,)

2 2
qy — m,’?/

Fn’g*g((ﬁa 0, m%/) = (1)
As an explicit form for the function H(q%,O,mi,), these

authors suggested to neglect the ¢?-dependence and ap-
proximate this function as a constant, with H(g7,0,mg,) ~

1.8GeV ™! extracted from the data on the decay J/p —
1’y [6]. This phenomenological transition form factor is
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in qualitative agreement with the 7’-meson energy spec-
trum near the upper end of the spectrum in the process
Y(15) — 7’ X [7], measured recently by the CLEO collab-
oration [8] and also analyzed by us in a recent paper [9]. We
show in this paper that the form (1) of the n’—¢ transition
form factor is obtained in the perturbative hard-scattering
approach if a light-cone wave-function for the 7’-meson is
used including the 7’-meson mass.

The validity of the perturbative QCD formalism is ex-
pected to hold only above a certain gluon virtuality, which
for the time-like region of ¢? must be definitely larger
than mfy, to avoid the pole. For the space-like region, there

is no pole for any value of ¢? and also the effects of in-
cluding the transverse momentum of the partons in the
7’-meson wave-function are numerically not important, as
shown in [2]. However, also for this case, for low values of
the gluon virtuality important non-perturbative effects are
present and the perturbative QCD formalism for the n’g*g
vertex is no longer applicable. In our numerical calcula-
tions, we shall set Q3 = p2 = 2 GeV?2, where Qo and i are
the threshold in the evaluation of the perturbative QCD
kernel and the starting point of the evolution of the 7'-
meson distribution amplitudes, respectively. For on-shell
gluons, the n'g*g vertex function F,/44(0, 0, mf],) is deter-
mined by the QCD anomaly, which is a non-perturbative
result. We propose an interpolating formula for the ver-
tex function F,yg+4(q?,0, m%,), which interpolates between
the normalization of this function for on-shell gluons, as
determined from the QCD anomaly, and the perturbative
QCD hard-scattering result for Space-like gluon virtualities
with Q% > Q% where Q? = |¢?| + m?2,. For the time-like
virtuality, an interpolating formula For the vertex func-
tion remains to be worked out, as one must include the
transverse-momentum effects, which are large at low values
of ¢2, in addition to the non-perturbative and the 7’-meson
mass effects.

This paper is organized as follows. In Sect. 2, we present
the n’-meson projection operators onto the quark—anti-
quark and the gluonic states, taking into account the 7’-
meson mass effects, and the leading-twist distribution am-
plitudes for the n’-meson. In Sect. 3, we derive the n’'g*g*
effective vertex function in the perturbative QCD approach
and discuss the region of its applicability. Numerical anal-
ysis of the effective vertex function is presented in Sect. 4,
where we have used the constraints on the Gegenbauer co-
efficients obtained by us [9] from the analysis of the data on
the 7'(1S) — 7' X decay, combined with the corresponding
constraints from the data on the process vv* — 7’ pre-
sented in [3]. In Sect. 5, we give an interpolating formula
for the 1’g*g vertex function for the space-like region of
the gluon virtuality. We conclude with a short summary
in Sect. 6.

2 The n’-meson projection operators
2.1 Projection onto the quark—antiquark state

The 1’-meson contains both quark—antiquark and gluonic
components. Being a pseudoscalar meson, its quark con-
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tent can be described by the matrix element of the bilocal
axial-vector operator in the SU(3) flavor-singlet state,

(@) 1 5
O5,u (LL‘ y) m W(IIZ)’Y#"}/E’) [SC, y] W(y), (2)
where ¥(z) = (u(x),d(z), s(x)) is the triplet of the light

quark fields in the flavor space and Ny = 3. The summa-
tion over the Dirac, color and flavor indices is implicitly
assumed in this bilocal operator. The path-ordered gauge
factor,

x

[z, y] = Pexp igs/dZ“Af(Z)tB ,
Y

(3)

is introduced to ensure gauge invariance of the bilocal
axial-vector quark operator (2). In the gauge factor (3),
gs is the QCD coupling constant, AE(Z) (B=1,...,N2—
1) is a four-potential of the gluonic field, tp are the gen-
erators of the color SU(N,) group with N = 3 being the
number of the quark colors in QCD, and the integration
is performed over the straight line connecting the points y
and z.

Taking into account the leading-twist (twist-two), twist-
three and twist-four contributions, the matrix element of
the operator (2) between the vacuum and the n’-meson
states can be presented in the form

(0|05 (&, )|’ (9)

1
ity [ auesos
0

2
x {pu [cz»ﬁﬁ’(u) + 2 Aw)

2(pz)

m2,x
+ L B(u) ¢,

where p,, is the four-momentum of the 7’-meson (p? =

m%,), w and 1 — v are the momentum fractions carried by

the quark and the anti-quark inside the 7’-meson, and £ =
2u — 1. The function (bfﬂ)(u) is the twist-two distribution
amplitude (DA), and A(u) and B(u) contain contributions
from operators of twist two,
twist-three and twist-four. This set of the quark—antiquark
two-particle DAs is completely analogous to the one de-
fined in [10] for the case of the SU(3) flavor-octet pseu-
doscalar mesons. The decay constant f, is defined in the
local limit of the matrix element (4) as

(0|02 (0,0)] (p))

%752 (0) |0 (p)) = ifypp.  (5)

= (0] 570

Thus, the DAs satisfy the following normalization condi-

tions:
1 1
/du B(u) =
0

/du (bfﬁ)(u) =1,

0

(6)
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The normalization condition for A(u) is not fixed by (5).
This DA is related to the two- and three-particle DAs of
lower twists with the help of the equations of motion (see
(3.2) and (6.11) of [10]) and, thus, its form (and also the
normalization) is implicitly fixed.

We now proceed to work out the DAs of the n’-meson
on the light-cone. To that end, we construct two light-
like vectors z, and P, (2 = 0 and P? = 0) of the same
dimensions as the two vectors x,, and p, at hand:

p
2= au— U5 (o) = ()2 - m3a?] . (7)
n
m2,x
P, =pu— e —. (8)
(pz) + 1/ (p7)? —m, x?

Their scalar product has a rather complicated form:
2 [(pz)? — m2 2%

(px) +

(P2) = (9)

2 2
(pz)? —m;

e
which, however, can be simplified if one assumes that the
separation between the quark and the anti-quark inside
the n’-meson is light-like (2, = 2, and 2% = 2% = 0). The
light-like momentum P, introduced in (8) then takes a
simple form:

2
Py my zy,
w = Ppu

ma (Pz) = (pz) = (10)

(p).
In terms of such light-like vectors, one can give definitions
of the DAs of the n/-meson on the light-cone (similar to

the ones for the m-meson [10]) following from the matrix
element of the axial-vector current:

(0|0 (2, =) () ()
[ m2,z
0
Comparing it with (4), one obtains the relation
B(u) = g (u) — 0% (u) | 12)

implying that the Lorentz-invariant amplitudes ¢£ﬁ) (u)
and B(u) can be interpreted as the 7’-meson DAs of the
non-local axial-vector operator at a strictly light-like sepa-
ration. It is easy to see the usual normalization conditions
of the light-cone DAs:

/du g(Q)

1
/du (b;?)(u) =1,
0

Two more bilocal matrix elements define DAs of the
twist-three:

(13)

z)ys[z, —x]¥ (—z)|n' (p))

<0’f
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1
= —1 for oy /du eig(m)qbl()n/)(u), (14)
0
1 = /
(0| —==Y(x)0apslz, —2]¥ (=) |7 (p))
vV Ny
. 2
i m2,
-3 Jor by ll - u%’/] (15)
1
X (Papg — PaTa) /dueif(m)qb((,"/)(u),
0
where g, = mZ, /(2my, + 2mg + 2my) is a chirally en-

hanced factor including the masses m, (¢ = u,d,s) of
the light quarks. Note that after the transition to the
light-cone vectors P, and z,,, the forms (14) and (15) are
not changed in the twist-three approximation and, thus,
the Lorentz-invariant twist-three DAs coincide with the
light-cone twist-three DAs. There also exist twist-three
DAs defined by the matrix elements of the three-particle
(quark—antiquark—gluon) operators. For the light pseu-
doscalar flavor-octet mesons, it has been shown in [10]
that their contributions are numerically small. We expect
that this also holds for the SU(3) flavor-singlet meson and
neglect such contributions. In general, one should also take
into account the twist-four DAs from the matrix elements
of three-particle non-local operators. The self-consistent
set of such DAs was introduced in [11,12] for light pseu-
doscalar flavor-octet mesons; their explicit updated forms
can be found in [10]. While the effect of the chirally en-
hanced bilocal matrix elements of higher-twist operators
is an interesting issue to study, we neglect here the twist-
three and twist-four contributions to the n’-meson light-
cone wave-function.

Starting from (11), one can calculate the light-cone pro-
jection operator of the r’-meson onto the quark—antiquark
state in the leading-twist (twist-two) approximation®:

(0|iaa(2)W;(—2) |0 (p)) (16)
1
Ly Sba i&(pz) 4 (@)
= Yo (), 65 /due“ 6 (),
4N, Ji /N U]
f 0

where the two sets of indices (icwa) and (j3b) describe
the components of the quark ¥(z) and anti-quark ¥(—z)
fields in the Dirac, color and flavor spaces, respectively,
and (Pvy) = Pty,. After the Fourier transformation of
(16) to the momentum space (see (A.4) and (A.5) in [3]),
the result can be presented in the form

1oy Oba (@)
v s (Pl \/L¢> () (17)
— 2(np)/ d27; *15(p2)<0{¢ma 2)W; 3 (— |77 >

! The path-ordered gauge factor (3) is assumed to be between
the quark fields and is suppressed to simplify the presentation.
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where Zu = 27 n,, and n, is a dimensionless light-like
vector (n? = 0). In momentum space, the quantity

,P(%)b iaa

! (18)

Oba
= 4N [VS(P’Y)]jz(SBa \/7N7

can be interpreted as the n’-meson light-cone projection
operator onto the state of the incoming quark and anti-
quark [13]. The quark—antiquark twist-two light-cone DA,

¢£ﬁ) (u), can be defined as follows:

ify ¢7(7?) (u) = 2/ (12% e_ig(PZ)<0|n“OéZ)(z, —z)|n’(p)> ,

(19)
where the bilocal axial-vector operator is defined in (2).
Some words about the vector n, are in order. While well
defined in the position space through the light-like sepa-
ration between the constituents inside the n’-meson, this
vector is arbitrary in momentum space and its explicit
choice is dictated by the process at hand. The most nat-
ural choice of this vector is the four-momentum of some
massless particle which appears in a given process (see, for
example, [3,14]). If such a vector is absent, the light-like
vector n,, should be constructed from existing four-vectors
explicitly. A representation of the vector n, will be given
in the next section.

2.2 Projection onto the gluonic state
The gluonic content of the n’-meson can be described with

the help of the partially traceless and symmetric bilocal
gluonic operator?

0 (x,y)

= 2 [Cua@) 916" ) + Gra@lr, )G, )
— B Goplo)lr ]G (), (20)

where ny(a:) and G’ﬁy(a:) are the gluonic field strength
tensor and its dual tensor, respectively, and the path-
ordered gauge factor [z,y] should be taken here in the
adjoint representation of the color SU(N,) group. In the
above operator, the summation over the color indices is im-
plicitly assumed. Starting from the gluonic operator (20),
one can introduce the gluonic twist-two, twist-three and
twist-four DAs, similar to the quark-antiquark DAs (4)
corresponding to the axial-vector bilocal operator (2), as
follows:

<0’(’)(g) (v, —x ’n'(p)>

fﬁ CF/d olé(pz)

2 The method of construction of the completely traceless
quark—antiquark and gluonic operators can be found in [15,16].
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m2/
X { Duly — Tﬁ gw,] [gb;?)(u) + m%,xQC(u)]
PuZy + DTy m%,
4 | Puty T PN W} D) s, (21
R b - O T

where Cr = (N2 —1)/(2N,).
In the local limit, the bilocal gluonic operator (20) van-
ishes [@fﬂ) (0,0) = 0] due to the following operator relation:

Gual0)G,(0) = 22 Gop(0)G7(0),  (22)

which gives the normalization conditions for the Lorentz-
invariant gluonic DAs introduced in (21):

0/ duD(u) =

These conditions leave an arbitrariness in the choice of a
constant prefactor in the matrix element (21). The motiva-
tion of the choice made in this paper will be commented on
in the next subsection. The normalization of the DA C(u)
is not determined in the local limit of the operator (20),
but this DA can be related with the other two- and three-
particle DAs of lower twists using the equations of motion
in the same manner as has been done for the flavor-octet
pseudoscalar mesons [10-12].

Following the discussion in the preceding subsection,
let us assume that the two gluons are separated by the
light-like vector z,, = 2z, (z? = 2% = 0). Thus, the matrix
element of the bilocal gluonic operator can be presented
in terms of the gluonic light-cone DAs:

(0|09 (z,—2)|n(p))

1

[awslfw =0

0

(23)

Q

E
o—

fn’

+] o] 4 (u)} yen

where the four-vector P, is defined in (10). Comparison of
this equation with (21) leads to the following relation:

F

due ) { P, P, 6 (u)

P,z, +P,z,
(P2)

[\)

D(u) = gy (u) — 6} (u). (25)
This shows that the Lorentz invariant DAs, ¢£ﬂ) (u) and

D(u), are connected with the light-cone DAs of the 7'-
meson defined by the bilocal operator (20) with a strictly
light-like separation between the gluon fields, in the same

)(u) and B(u),
defined by the bilocal axial-vector operator (2). The nor-
malization conditions for the gluonic light-cone DAs are

1
/dugf,g) (u) =
0

manner as for the quark—antiquark DAs, (bgﬂ

1

/du ¢£ﬂ)(u) =0,

0

(26)
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As we restricted ourselves to the leading-twist part of the
quark—antiquark component of the r’-meson only, we also
do not consider any further the higher-twist DAs in the
gluonic component of the 7’-meson.

The gauge-invariant definition of the gluonic light-cone
DAs (24) is given in terms of the gluonic field strength
tensor G7,(z) and its dual G4, (—z), though the usual

Feynman rules involve the gluonic four-potential A;‘ (2). A
possible way to get the required matrix element is to use
the relation between the field strength tensor and the four-
potential in the light-cone gauge (n“A/‘:‘ (x;n) =0) [17]:

Aﬁ(x; n) =n" / Gﬁ‘y(x +on)do, (27)

so that it can be applied to (24) after its contraction with
the light-like vectors n* and n”. In the leading-twist ap-
proximation, the projection operator of the n’-meson onto
the gluonic state in terms of the gluonic four-potentials

can be written as follows [3]3:

(0] A (2) A5 (=2)|n' (p)) (28)

_ fn’CF dAB 5prUZpPJ du 1£(pz) ¢ ( )

~ 4/N; 2N.Cr  (zP) u(l—u)’
where A% (2)AB(y) = [AX(2)A(y) — AL (2)AE (y)]/2 is

the bllocal operator antisymmetrized in the Lorentz in-
dices. The gluonic matrix element (28) contains the Lorentz
structure €,,,,,0 2/ P? /(2P). To perform the Fourier trans-
form to the momentum space, it is convenient to introduce
the dimensionless light-like vector n,, (its explicit form in
a specific frame is given in (A.3) of [3]) so that z, = 27 4.
The light-like vector P, defined by (10) becomes indepen-
dent of the variable z7:
m?],nu
=0 = Spny
and the Lorentz structure under consideration transforms
as

(Pn) = (pn), (29)

2P P° nf P°

Epvpo W Euvpo W

Note the invariance of this Lorentz structure under the

transf?rmations P, — P[L =P, +Cny orn, — n:L =
n,+C

nfp

= Epo @ (30)

P, where C and C are arbitrary factors. The last
expression in (30) corresponds to the specific choice of the
first factor: C' = m?, /2(np). The invariance of the Lorentz
structure (30) under the transformation of the light-like
vector n,, was pomted out in [3] for the case of the massless
n’-meson (i.e., with p> =0 and P, = p,,).

After performmg the Fourier transformation of (28),
we obtain the following result:

fT]/ §AB 5uupanppa (ﬁg]‘?) (U)
8N./Ny  (np)  u(l—w)

3 Starting from here we suppress the path-ordered gauge
factor [z, —z] in the matrix elements.

(31)
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d B 71 z
= 20) [ S e 0 (0] A ()45 () )
In the momentum space, the quantity
10AB  Euwpon’p’
7)(9) — 1 unrpo 32
pA;vB 4Nc\/ﬁf (np) ( )

is the projection operator of the r’-meson onto the state of
two incoming gluons [13]. The gluonic twist-two light-cone
DA can be defined through the following matrix element:

4,/N;

Fr & (u) = Cr(np)

/ dz~
X

2r
where the summation over the color indices is implicitly
assumed on the right-hand side.

(33)

*15(p2)<0|nu(; )nme |77 >

2.3 The n’-meson light-cone distribution amplitudes

The leading-twist light-cone DAs of the 7’-meson can be
presented as infinite series in the Gegenbauer polynomi-

als C/ 2(u @) for the quark—antiquark component and
o2 (u — u) for the gluonic one [13,18-22):

n—1

gi)(q)(uQ)*Guu 1+ Z An(Q 03/2( —a)l,

evenn>2
(34)

o (u, Q%) =@ N Ba(Q) Oy (u—w),

evenn>2

(35)

where 4 = 1 — u, and the following notation is introduced
for the Gegenbauer moments:

A,(Q%) (36)

DT o) ey 2 [as(d) 17
Blg
as(Qg) +pn n (ILLO) « ’

o (u2) 17+ ()17
= A B ) [ 28] gl [ )]

These equations contain the quantities 77}, defined by

n 1 n n n n n n
E=G [’YQQ +’chi\/(’YQQ —V8e)’ + 4’YQG7GQ] , (38)

(i, =Q, Q) are

where the anomalous dimensions 7;;

n+1

n Cr
e = 5 3+(—+2_4Z
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Cr n(n + 3)
a6 = 5o 3(n+)(n+2) (39)
n _& 12
QT B tnr D(n+2)
N n+1
lee = 3 (n+1 Y(n +2) Z

Here, Sy = (11N, — 2ny)/3 is the first coefficient in the
expansion of the QCD S-function and ny is the number of
quarks with masses less than the energy scale ) entering
in the DAs (34) and (35). Note the difference between the
quark numbers Ny = 3, used earlier in the context of the
wave-function of the 7’-meson, and ny in the S-function;
the former reflects the quark content of the SU(3) flavor-
singlet meson, while the latter is the number of the ac-
tive quarks, which (together with the gluons) determine
the renormalization effects in the LCDAS of the n’-meson,
probed at a virtuality Q2. The discussion of these anoma-
lous dimensions in the one- and two-loop accuracy can be
found in [22]. Our choice of the constant prefactor in the
gluonic matrix element (21) is reflected in the non-diagonal
anomalous dimensions presented above.

The anomalous dimensions (39) also define the quanti-

9) and pS{” entering in the Gegenbauer moments (36)

7) as follows:

ties pn,
and (3

p@ — 6 7 - VQQ o) —

e (40)

The prefactor in the gluonic light-cone DA (35) is chosen
as u2u? according to [3], which accounts for the appearance
of the factor ua in the denominator of the integral function
in the gluonic matrix element (28). Such a functional de-
pendence is also in agreement with the general expression
for the “asymptotic” form of the LCDAs resulting from
the conformal symmetry [10,12].

We use an approximate form for the 7’-meson light-
cone wave-function in which only the first non-asymptotic
term in both the quark—antiquark and gluonic DAs is kept.
Thus,

09 (u, Q%) = 5u*a® (u— 1) By(Q?),

where the explicit forms of the Gegenbauer polynomials
C’S’/z(u — @) and Ci’/Q(u — @) have been used. The free

parameters Béq)(u%) and Bég) (u) (the Gegenbauer coef-
ficients), which enter in the Gegenbauer moments A (Q?)
and By (Q?), are not determined from first principles and
have to be modeled or extracted from a phenomenological
analysis of the experimental data. We defer the quantita-
tive discussion of these Gegenbauer coefficients to Sect. 4.

There is an additional point concerning the scale 3.
The usual choice of the scale u2 = 1GeV? made in the
analysis of the pion form factor and the 7%~y transition
form factor represents the initial value for the evolution of

(41)
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the LCDAs. As the mass of the n’-meson is of order 1 GeV,
a more realistic choice of the parameter p3 is 3 = 2 GeV?,
which we shall adopt. Consistent with this assumption,
and with the choice Q* = [¢*| 4+ m},, where ¢* is the
total gluon virtuality in the 1'g*g* vertex, we shall also
set Q3 = 2GeV? in the calculation of the perturbative
kernel.

3 The n’g*g* effective vertex function

In the momentum space, the effective 1’ g* g* vertex can be
extracted from the invariant matrix element of the process
n' — g*g* with the help of the relation*:
= MWD 1 Mm@

M (42)

= Fygeg- (41,45, m2) SaB ™" efyied q1p020,
where M (@ and M (9 are the contributions from the quark—
antiquark and gluonic components of the 7’-meson, respec-
tively, and ¢; and e (i = 1,2) are the four-momenta and
the polarization vectors of the final virtual gluons. The
four-momentum of the 7n’-meson is related to the four-
momenta of the gluons by energy-momentum conserva-
tion: p, = g1, + q2u- The individual contributions M@
and M9 to the invariant amplitude (42) can be calculated
by using the r’-meson projection operators onto the quark—
antiquark (18) and the two-gluonic (32) states, yielding

af
—ify / Qu ol (0,01 PLG) e 6 [T40] 7 (43)
. L (9) 2
0 = W [ g, P @) 1"
M 2 /d uil P”D’PC {T :|CD7 (44)

0

where TI({Q) and T}(Ig ) are the quark—anti-quark and gluonic
hard-scattering kernels calculated in perturbative QCD,
respectively. The factor 1/2 in (44) takes into account the
two identical gluons in the 7’-meson. To go further, it is
necessary to define the light-like vector n, appearing in
the individual invariant amplitudes (43) and (44) in terms
of the physical vectors of the problem under study.

3.1 Specifying the light-like vector n,,

We now proceed to express the vector n, in terms of the
gluon momenta ¢, and go, in the n'g*¢* vertex. In par-
ticular, we consider the case when both the gluons are off
the mass shell and have virtualities ¢? and ¢3 comparable
to the n’-meson mass squared.

4 The difference in the phase factor i between the definition
of the effective n’g* g* vertex function in this paper and in [2] is
related to the corresponding difference in the definitions of the
projection operators of the n’-meson onto the quark—antiquark

and gluonic states.
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Let us assume, to be definite, that the virtualities of

both gluons are time-like (¢7 > 0 and ¢ > 0). In that case,

the two light-like vectors n,(j_) and nff) can be constructed

from ¢, and gs, (or, equivalently, from p, = g1, + g2,
and ga,):

(45)

B SR

where C,, is an arbitrary factor and Ak (a,b,c) is a kine-
matic function, defined as follows:

Mk (a,b,c)
=V(@+b+e)la—b—c)(a—b+c)(a+b—c).

In the limit of neglecting the n’-meson mass (i.e., setting
m, = 0), these vectors are simplified to

n(E =C, {2¢3p, + [@f

as Ak(0,v/a3,\/a3) = |&? — a3l

these vectors have the forms

nl(l,:t) = Cﬂ

X {2q§pu + |:QI

(46)

@] @},

Thus, if ¢ > ¢3, then

— ¢+ | - (47)

nH =20, (@Ba + aiaap) (48)
nfj) =2C, q%pu,

while for ¢? < ¢3 they are
n) =20, (Bau. + aigp) (49)

nff) =2C, q%p“.
If we take n, = nff) (n, = n,(f)), then in the limit m,, =
0, the light-like vector P, (29) vanishes for ¢ < ¢3 (¢} >
q2) and, hence, the prOJection operators onto the quark—
anthuark (18) and gluonic (32) states also vanish. To get
non-vanishing projection operators in both regions, the
vector n,, should be taken as
—@)+n0 (3 —q),  (50)
where ©(z) is the unit step function. To write this vector
uniformly, it is convenient to introduce the total gluon
virtuality ¢2, the asymmetry parameter w and the relative
n’-meson mass squared 7 as follows:

n, =n\" O (¢

2 2
@ —q my,
F=ad+a, w="12 p=—1

(51)

If we also redefine the factor C,, as C,, = C), /G, the vector
n, (50) can be rewritten in the form

np=Con[(1—w)pu+ (W —n+wX) g,  (52)
where the function A can be written as®
2n  n?
A=14/1— 2 + 2 (53)

5 Note, Ak and X are different functions.
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In the massless limit of the n’-meson (n = 0), A = 1.
With this specification of the light-like vector n,,, its scalar
product with the n’-meson four-momentum p,, is

2

(pn) = =5 Cawd (w —n+wA), (54)
which allows us to write the light-like vector P, (29) in

the following form:

(w—n4+wA)p, +2nq2,] . (55)

P
" 2w
With this, the Lorentz structure in the projection opera-
tor (32) is reduced to the form:

_ 2 Cuwpo 95 _ 2 Evpoi9S (56)
w q2 A Q%_q%

€uvponfp°
(np)

Note that both the vector P,, defining the Dirac struc-
ture of the n’-meson projection operator onto the quark—
antiquark state (18), and the Lorentz structure considered
above, which comes from the projection operator onto the
gluonic state (18), are independent of the choice of the
factor C,,.

For the case when both the gluons have space-like vir-
tualities (¢7 < 0 and g3 < 0), the same set of quantities
can be introduced as in (51), with the obvious difference
that the total gluon virtuality and the relative n’-meson
mass squared are negative. This difference does not change
the result obtained for the time-like gluon virtualities and,
thus, (52), (55) and (56) are valid in this case also.

3.2 The quark part of the n'g*g* vertex

The light-like vector P,, and hence the n’-meson projec-
tion operator (18) onto the quark—antiquark state, is com-
pletely defined in terms of the physical vectors — the four-
momenta of the gluons. Hence, we can calculate the quark
part of the n'g*g* effective vertex function starting from
the invariant amplitude (43), obtaining the hard-scattering
kernel:

[TIEIq)} af x _Bx

= nyﬁ;AB( QQ) gfu €av s

up, ﬂp? —q1, (57)

where the Dirac indices ¢ and j are not shown explicitly; the
exact expression for the effective quark—antiquark—gluon—
gluon vertex in the lowest order in perturbative QCD can
be found in (3.3) of [2]. This yields the following result:

1

iy Vs amo(Q%) 0ap [ duodl? (u, Q%)

() —
M 4N,

0

(=49 ([up — g2]7) (e8*7)
x8p aa(py) DL BINLI 5

where Q2 = |¢?| +m? ;v and the summation over the quark
color and flavor 1ndlces have been performed. This matrix
element contains the contributions from both diagrams
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qi —»

up\ up\ lh/

ap /5 ap /5 2N

q2 —»

Fig. 1. Leading Feynman diagrams contributing to the quark
part of the n’'g*g* vertex

presented in Fig. 1, as the contribution from the second
diagram can be transformed to the form of the first one
with the help of the symmetry property of the quark—
antiquark light-cone DA: (;55;3) (u, Q%) = qbgﬁ) (@, Q?). Tt is
easy to see that the parameter C defined by (2.3) of [2] is
connected with the 7’-meson decay constant f,, used here
by the following relation: C'= /Ny fy.

Taking all this into account as well as the Ansatz (42)
for extracting the n’g*g* effective vertex function, the re-
sult for the quark part can be written as follows:

F,

e ge (4%, w,m)

f’”ﬁ/duqs (u, Q%)

_ dnag(Q
e

w(l+ ) +n(u—u)
1+ w(u —a) — 2uun + ie’

(59)

The quark—antiquark contribution, in the approximation
of keeping the first two terms in the corresponding distribu-
tion amplitude gbfﬁ)(u, Q?) [see (41)], can be conveniently
written in the following form (similar to (3.7) of [2]):

(9) 2
Fgeg- (@ w,m)
4Ttab(Q ) 3f77, V Nf (60)
727 A N,

% { Gl (w.m) + 64, QG (w,m)}

where A3(Q?) is the Gegenbauer moment defined in (36),
and the functions G\ (w, n) and G$? (w,n) are

G w,m) =1-X+ {1 - “’:(1 —)\)]

n
x uul i—‘” FAJ(w, n)] (61)
9 (w, ) = 577{‘;’72@—» (- L)a-x
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1.0
084 I
0.6 1 fo(w) i
0.4 1 r
00—

0 0.2 0.4 0.6 0.8 1.0

Fig. 2. The functions fo(w), f2(w) and g2(w), describing the
large-|¢®| asymptotic behavior of the n’g*g* effective vertex
function, with the virtualities of the gluons having the same
signs

The results given above are presented using the function

1
) = 63
/l—i-wu—u ) — 2uin + i€’ (63)
0

whose explicit form and the asymptotic behavior can be
found in Appendix B of [2].

When the n’-meson mass is negligible in comparison
with the total gluon virtuality |¢?| (i.e., in the limit of
small 7), (60) reduces to:

FD)p (5,0) o
4na2|q| 3fnf{f ) + 645(1¢?)) fo(w) }

(in accordance with (3.10) of [2]) as the functions Géq) (w,n)
and Ggq) (w,n) presented above are dominated by the term
Ggq) (w,n) ~n fi(w) in this limit, and the functions f;(w)
(1 = 0,2) are defined as follows:

1 1—w?2 14w

fo(w)zﬁ 1-— % lnl—w (65)
Falw) = g5 BB~ ) folw) =10 (66)

The dependence of these functions on the asymmetry pa-
rameter w is presented in Fig. 2. The asymmetry param-
eter is defined in the interval —1 < w < 1, but as the
functions fo(w) and f2(w) are symmetric, it is sufficient to
present them in the region of positive values of the argu-
ment.

If one of the gluons is on the mass shell, for example,
the second one (g5 = 0), the asymmetry parameter w = 1,
A =1-n, and it is easy to get from (59) the following
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q —»

up\ up\ 01/

ap /% ap /4 N

Fig. 3. Leading order contribution to the gluonic part of the

!k ok

g2 —»

n'g g vertex
result:
dnag(Q?) fir du
Fify(ah,0.my) = 2@ Jo / o (1. @2)
1 'r]’

(67)
In the approximation of the n’-meson DAs adopted here,
the first inverse moment of the quark—antiquark twist-two
DA is )
du
[P =3+ a@)]. (69
0

Thus, in this case, the 1'g*g effective vertex function is
defined by the first inverse moment of the n’-meson quark—
antiquark DA and it has a pole form, with the pole being
at ¢? = m . Of course, this result is not supposed to be
oo the
perturbative form sets in at a higher value of ¢?, typically
¢® ~ 2GeV2. Also, as discussed in [2], this pole behav-
ior results from ignoring the transverse momentum in the
definition of the n’-meson wave-function and, hence, is not
physical.

used in the vicinity of the singular point ¢? ~ m?2

3.3 The gluonic part of the n’g*g* vertex

The gluonic part of the n'g*g* vertex function originates
from the diagrams presented in Fig.3. To calculate this

effective vertex function with the help of the invariant am-

plitude (44), the corresponding hard-scattering kernel Tlgg)

can be obtained from the effective four-gluon vertex

VaBEP(q1, 42,3, qa), which is defined in (4.3) of [2], as
follows:
(9) ¢p ABCD Ax B
|:TH :| fV;“,pU ( q1, 1127’“1%“]7) 81;L€2u' (69)

po

Substituting (56) into (32), the n’-meson projection op-
erator onto the two-gluon state, the invariant matrix ele-
ment (44) can be rewritten in the from:

M@ = _ fo

AN./NyA

(9) 2 A
(u, Q pOXT cD
/du (N ) e ch,\;pr Sop I:T}(Ig):|

Q1 po

(70)

)

where the parameter X is defined in (53). Comparison of
this matrix element with the one given in (4.1) of [2], with
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C = fy /Ny, shows that the two expressions differ by the
factor Q?/[2N; A (g7 —¢3)] = Q?/(2N;Awq?). Note also the
difference in the factor i in the definitions of the gluonic
projection operators in this paper and in [2] (this difference
then also reflects itself in the definition of the quark—anti-
quark projection operator). We have now understood this
mismatch, related to two errors made in [2]: First, the fac-
tor 1/2 is due to the identity of gluons in the 7’-meson,
which was missed in [2]; second, the factor Q2/(¢? —¢3) is
required by the Bose symmetry of the final gluons in the
process ' — g*g* described by this amplitude, also over-
looked in [2]. Finally, the parameter X in the denominator
of M(9) enters as we now take into account the 7’-meson
mass; A = 1 for the case of the massless 7n'-meson. Tak-
ing into account the difference between (70) in this paper
and (4.1) of [2] pointed above, the corrected result for the
gluonic part of the n'g*g* effective vertex function can be
obtained from (4.7) and (4.8) of [2], which now reads as
follows:

4mags (Q?)

5 for (
a2y @) G )

2/N;
(71)

where the Gegenbauer moment Bs(Q?) is defined in (41),
and the function Gég) (w,n) has the form

(9)
ang

((I?,waﬂ) =

G (w,n)

1
2
—n/duuﬂ(u—’
w
0

5+2 40? 1 1 w? 1 4w21 14w
= — - — - — —— | In

3 7 n? 2w 7

2 + w? 8w?
5 T s T A
n n n

(72)

n+w(u—1u)
1+w(u—1a)—2uun+ ie

2
+n[1——
Ui

This function is symmetric in its first argument under the
change w — —w: Ggg)(—w, n) = Gég) (w,n), in accordance
with the requirement of the Bose symmetry for the r'g*g*
vertex.

In the limit of the large total gluon virtuality (|¢?| >
m%,), the gluonic part of the n'g*g* effective vertex func-
tion simplifies and can be expressed as follows:

Ama (|q2|) 5/

q2 2«/Nf

(9) 2 o
Egege (@, w,0) = —

B2 (|q2|) 92((41),

(73)
where the function gs(w) has the form
3f() (w) -2

go(w) = e (74)

Here, fo(w) is the function defined in (65). Note that the
function go(w) is symmetric under the exchange w — —w:
g2(—w) = g2(w), in agreement with the observation made
in [3]. At w = 0 it has a non-vanishing value: g,(0) = 1/15,
and at the end points, w = £1, it has the value go(+1) =
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1.00

0.50 A

0.25 - Re GY

-0.254

- 0.50 +——————t—————————
q}, GeV?

Fig. 4. The real (solid curve) and imaginary (long-dashed
curve) parts of the function G;’”(l,n), where n = m%//qf7 as
a function of the momentum squared ¢? of the virtual gluon.
The vertical short-dashed lines, drawn at ¢7 = —1 GeV? and
¢ = 2 GeV?, demarcate the regions of applicability of the
perturbative results, which are to the left and right of these lines
for the space-like and time-like gluon virtualities, respectively

1/6. The explicit dependence of go(w) on the asymmetry
parameter w is presented in Fig. 2.

If one of the gluons is on the mass shell, say, the second
gluon (g3 = 0), the gluonic part of the n’g* g effective vertex
function can be written in the following form:

@ 2.2 4mas(Q%) 5fy )
ang g(Q1707mn’)_7q%_m727, 2\/L Q)Gg(l 7])
(75)

where 1 = m%//q%, the value A = 1 — n was taken into

account at w = 1, and the function Gég)(l, n) is

5 2 4

R
1 1 4
——|1==||1=—=|In(l—-mn). (76
77{ 77}{ 77} (= 10

The dependence of this function on the gluon virtuality ¢7

is presented in Fig. 4 with the value Ggg)(l, 0) =1/6 cor-
responding to the large-¢? asymptotics. In line with the
quark—antiquark part (67) of the n'g*g effective vertex
function, the gluonic part (75) has the same pole behavior
at ¢7 = m%,.

To conclude this section, we present the expression
for the n'g*g* effective vertex function resulting from the
perturbative QCD analysis. Combining the quark-—anti-
quark (60) and the gluonic (71) parts of the 7'g*g* effec-
tive vertex function, the perturbative result for the vertex
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can be expressed as follows:

4o (Q?)
Fyygr g (Q%a q%, m?;’) = T2 \/gfn’

7]/

X [G(()q)(w,n) +6A2(Q2)G( )(W n)—

(77)

B2 (Q)GY (w,m)|.

where the total gluon virtuality is ¢* = ¢? + ¢3, the vari-
ables w and 1) on the right-hand side are defined in (51),
and Q% = |¢?| + m ,. Being a perturbative QCD result,
this expression is vahd in the large-|¢?| region.

As mentioned above, both the quark-antiquark (67)
and the gluonic (75) parts of the r’—g transition form factor
have the phenomenological form (1) which allows one to
extract the slowly varying function H(q¢?,0, m%,):

H(g,0,m2) = 4750‘5( )ff,]
B2(Q*)GY(1,n)

« |14 A5(Q?) — g (78)

The non-trivial dependence on the r’-meson mass is com-
ing through the function Gég)(l,n), with n = m%,/q%,
which is to be traced back to the gluonic component of
the n’-meson.

4 Numerical analysis

As demonstrated earlier, the correction due to the mass of
the n/-meson appears already in the leading-twist (twist-
two) light-cone approximation. It is of interest to know
numerically the effect of including the n’-meson mass in the
1 g*g* effective vertex function. To work this out, we need
to specify the input values for the various parameters. To
that end, we note that the n’-meson decay constant can be
related with the flavor-singlet decay constant f; ~ 1.17f,
where f; = 133MeV is the m-meson decay constant, by
frr = f1 cos 6y with the mixing angle §; ~ —9.2° [23]. With
this, it is easy to check that f,, ~ 2f7r/\/§. In estimations
of the effective vertex function, the strong coupling s (Q?)
is used in the two-loop approximation with the QCD scale

1)

parameter Ai\/TS = 305 MeV corresponding to four active

flavors (ny = 4). The central values of the ¢- and b-quark

MS masses, m. = 1.3GeV and m;, = 4.3GeV [24], were

used for the separation of regions with different active-
quark flavors in the strong coupling o, (Q?). In this context
we also specify the constrained parameters (38) and (40)

in the n’-meson DAs: 'yi ~ —0.645, v2 ~ —1.421, péq) ~

2.863, and p;g) ~ —0.010, calculated for n; = 4. For the
starting point of the evolution scale we take u3 = Q3 =
2GeV?2. We do not include errors on these parameters, as
they are relatively small.

The largest uncertainty in the n'g*g* effective vertex
function is due to the gluonic Gegenbauer moment B (Q?)
(37). In particular, in the approximation (41), a fit to the
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Fig. 5. The n'g*g effective vertex function for the time-like (left frame) and space-like (right frame) gluon virtuality ¢f when
the second gluon is on the mass shell (g3 = 0). The solid and dashed curves are plotted for the vertex function with and
without taking into account the n'-meson mass, respectively. The labels C, LL and UR correspond to the central, lower-left
and upper-right points of the combined best fit of the Gegenbauer coefficients Bg‘”(;ﬁ) and Bég)(,ug) presented in Fig. 5 of [9]

and given in (81)

CLEO and L3 data on the n'—y transition form factor
for Q2 larger than 2 GeV? was recently undertaken in [3],
yielding

As(1 GeV?) = —0.0840.04, By(1 GeV?) =9+12, (79)
where, in the analysis in [3], the initial scale in the evolution

of the Gegenbauer moments was taken as ug = 1GeV2.
The estimates (79) can be translated in terms of the uni-

versal free parameters Béq) (ud) and Bég ) (u2) (the Gegen-
bauer coefficients), fixed at the same initial scale u3 of the
DA evolution, yielding

BY(1 Gev?) = 0.02+0.17, B (1 GeV?) =9.0+11.5.
(30)
We note that this analysis of the n’—y transition form fac-
tor yields an order of magnitude uncertainty in these pa-
rameters, taking into account the +1¢ error. In addition,
the Gegenbauer moments Ay (1 GeV?) and By(1 GeV?) are
strongly correlated and we refer to Fig. 3 of [3] where the
correlation between these quantities is presented.

The other process which allows one to get indepen-
dent information on the Gegenbauer coefficients in the
n'g*g vertex is the inclusive decay 7°(15) — n'X. Re-
cently, the '-meson energy spectrum was measured in this
process by the CLEO collaboration and presented in [8].
The CLEO data prefers the perturbative QCD motivated
form of the n'—g transition form factor (1) for the hard
part of the 7’-meson energy spectrum, E,, > 0.35Mr,
where My = 9.46 GeV is the mass of the 1'(15)-resonance.
Based on this observation, the form (78) for the function
H(q?,0, m%,) resulting from the hard-scattering perturba-
tive QCD approach for the n'g*g effective vertex func-
tion was adopted by us in [9], obtaining independent con-
straints on the Gegenbauer coefficients. Unfortunately, the
CLEO data on the decay 7(1S5) — 1’ X is statistically very
uncertain for the end part of the 7n’-meson energy spec-
trum, leaving large uncertainties in the determination of
the Gegenbauer coefficients from this process alone. The
combined fit to the data from the n’—y transition form fac-
tor and the 7'(1S) — ' X decay leads to more restrictive

constraints on these coefficients, which we have presented
and discussed in detail in [9]. The combined best fit of
the Gegenbauer coefficients and the Gegenbauer moments
yields the following (+ 10) values, respectively [9]:

B9 (1) = —0.008 £ 0.054, B (12) = 4.6 + 2.5,

Ag(pg) = —0.054 £ 0.029,  Bo(pd) = 4.6 £2.7, (81)

where the starting point of the evolution in the 1’-meson
DAs is taken as pg = 2 GeVZ2.

The predictions for the n'g*g effective vertex function
Fyg+4(ai,0, m%,), with the second gluon on the mass shell
(g3 = 0), are presented in Fig.5 for the time-like (left
frame) and space-like (right frame) virtuality ¢? of the
off-shell gluon. The labels on the curves C, LL and UR
correspond to the central, lower-left and upper-right points
of the combined best fit of the Gegenbauer coefficients
presented in Fig. 5 of [9]; their values can also be read from
(81). We note that the effect of including the 7’-meson mass
in the vertex function is significant; it becomes crucial for
the time-like gluon virtuality in the region ¢ < 5GeV?
for the upper-right part of the combined best-fit region of
the Gegenbauer coefficients (the curves labeled as UR),
but also to a lesser extent for the central values of the fit
parameters (the curves labeled as C). For the space-like
gluon virtuality the 7’-meson mass effect is numerically
not so strong. Nevertheless, it decreases the absolute value
of the n’g*g transition form factor by approximately 10
percent in the region of small gluon virtualities (|¢?| <
5GeV?) for the Gegenbauer coefficients from the lower-
left part of the combined best-fit region (denoted by the
curves labeled as LL) and for the central values of the fit
(the curves labeled C).

Summarizing this section, the results presented in (77)
and (78) (to be read with (1)) are our principal ana-
lytic results for the vertex functions Fn/g*g*(qf,q%,m%,)
and Fn/g*g(qf,O,m%/), respectively. The vertex function
Fyge4(a?,0, mf],) is displayed numerically in Fig. 5 in the
space-like and time-like regions of the gluon virtuality,
based on perturbative QCD and our current knowledge
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of the Gegenbauer coefficients. Inclusion of the n’-meson
mass effect has led to a rather reliable estimate of this ver-
tex function (or the transition form factor) for q% > 2GeV?
for the time-like region, with a power-like fall-off with ¢2,
similar to the one seen in the electromagnetic transition
form factors of the pseudoscalar mesons [25,26]. For the
space-like gluon virtuality, the vertex function has a power-
like fall-off as well, but the current uncertainty in the
Gegenbauer coefficients still leaves a rather large disper-
sion in the vertex function, in particular for the region
l¢?| < 3GeV2. We expect that more precise data, such
as from the decay 7 (15) — n' X, will significantly reduce
this parametric uncertainty. In the next section, we show
that imposing the anomaly constraint on the vertex func-
tion Fyyrg-g(qf,0,m3,) at ¢f = 0 considerably reduces this
uncertainty for low values of ¢7 in the space-like region.

5 An interpolating formula for the n’g*g
vertex function for space-like gluon virtuality

As noted earlier, the QCD anomaly determines the value
of the vertex F,44(0,0, m%,) for on-shell gluons. Denoting

this by F, qq,
quantity [2]:

one has the following expression for this

1

F5 ——
212 fy

wag = —4mas (my) (82)
For large off-shellness of the gluons, the form of the vertex
function is determined by the perturbative QCD and is
presented in (77). We would like to write down an expres-
sion for the vertex function in question which interpolates
between the non-perturbative result (82), applicable at
¢ = g3 = 0, and the perturbative QCD result (77), which
holds for large virtualities of the gluons. Such a formula is
of considerable phenomenological interest.

Let us concentrate on the case of the n'g*g effective
vertex function with one gluon (the second gluon, for defi-
niteness) being on the mass shell. Comparing (67) and (75)
with the form (1), it is seen that both the quark-—anti-
quark and the gluonic parts of the n'—g transition form
factor have a pole singularity for the time-like virtuality
at ¢f = m;,. However, there is no singularity for the space-
like region of the gluon virtuality and the vertex function
Fyg9(qi,0,m?,) is a smooth function of ¢7 in this region
(albeit numerically uncertain due to the imprecise knowl-
edge of the Gegenbauer coefficients). It is also known from
our earlier work [2] that the singularity for the time-like
region can only be removed by including the transverse-
momentum effects in the n’-meson wave-function, using
the Sudakov resummation technique. Since we are ignoring
the transverse-momentum effects in calculating the ver-
tex function in question in this paper, we shall restrict
ourselves to the interpolating function only in the space-
like region, for which the transverse-momentum effects are
known to be numerically small [2].

To that end, we work with the function H(¢?,0, m%/)

presented in (78). It should be noted that the function
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GY(1,n) entering in H(q?,0,m7,) is very close to its
asymptotic value 1/6 already at ¢ ~ —1GeV? in the
space-like region of the gluon virtuality (see Fig.4). So, to

a very good approximation, the function Ggg)(l, 7) can be
replaced by its asymptotic value:

V3fy (14 A (QQ)—*BQ(Q )|

(83)
with the corresponding vertex function now given by
Fas(q7) = m2 Has(q7)/(¢i — m3,). Thus, the dependence
of Hys(g7) on ¢f is coming only through Q* = |g7| +m?,.
Defined in this way, the function H,s(¢?) is symmetric un-
der the change ¢? — —¢? and has formally the following
limit for on-shell gluons (g7 = 0):

HaS(q%) = 47‘50;2( )

n’

4750457()\[% L+ Az(m;, /)—332( )

mn, 36

(84)
Not unexpectedly, there is a substantial mismatch between
the correct value of the vertex function for the on-shell glu-
ons F 7, as determined by the QCD anomaly, and the one
obtalne(i from the formal limit of the perturbative expres-
sion for the vertex function Fyyg+4(0,0,m2,) = —Has(0),
given in (84). To see this quantitatively, we study the nu-
merical consistency of the two expressions, which yields the
following condition on the Gegenbauer moments Ag(mi,)

and Ba(m?,):

2/312 f2
3

mn/

H.s(0) =

+A2(m%/)_%32(m /) :]. .

(85)
For the values of the Gegenbauer coefficients given in (81),
this equality is badly violated. For example, for the set of
the Gegenbauer moments As(m?,) = —0.11 and By(m;,)
= 2.87, corresponding to the coefficients called LL (yield-
ing the largest value for the Lh.s. in (85)), the Lh.s. in
the above equation is about 0.43. For other allowed val-
ues of the Gegenbauer coefficients, the mismatch is much
more pronounced. This implies the presence of large non-
perturbative contributions to the moments Ag (m%,) and
BQ (m
rections in the vertex function Fyyg+4(gf,0,m;,) are to be

37,). However, it is certain that non-perturbative cor-

included over a larger region of ¢?.

To model these non-perturbative effects, we propose
the following modification of the perturbative result (83)
in the region of the small space-like virtualities ¢? in terms
of the function H(¢?):

H(Q%) = HaS(‘ﬁ) + [Ha — Has(0)] exp

4
Cs mig ) (86)

n’

with the corresponding vertex function defined by F (¢3) =

mf,,f{(q%)/(ql —m3,). Here, Hy = Fn g 18 defined by

the anomaly value for the n'gg vertex in (82) and Cs is an
arbitrary dimensionless parameter.
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Fig. 6. The n’—g transition form factor in the perturbative QCD approach and using the interpolating formula for the space-like
region of the gluon virtuality gi. The left frame shows the functions Fas(qi) (dashed curves) and F(qf) (solid curves). The
right frame shows the functions Has(g?) (dashed curves) and H(q?) (solid curves). The labels on the curves are the same as in

Fig.5

This formula gives, by construction, the correct value
for the 7’gg vertex function with the on-shell gluons (i.e.,
for ¢ = 0), reproducing the QCD anomaly, and yields
the correct perturbative QCD behavior for large values
of ¢?. Depending on the value of the parameter Cj, the
perturbative result may set in rather fast. For small values
of the gluon virtuality, expanding the exponential factor in
qi/m3, gives power corrections. In the numerical analysis
presented below we take Cs = 2, as it allows a smooth
interpolation to be made between the anomaly (at ¢7 = 0)
and the perturbative result for |¢?| > 2 GeV2. However, we
must admit that this interpolating formula is by no means
unique and has to be checked against experimental data of
processes involving the 7’-meson or else compared with the
results obtained using non-perturbative techniques, such
as the lattice-QCD.

The perturbative vertex function —F,s(¢?) (dashed
curves) and the interpolating function — F'(¢?)(solid curves)
are plotted as functions of ¢7 in Fig. 6 (left frame). The
function H,s(q?) (dashed curves), defined in (83), and the
corresponding interpolating function H(¢?) (solid curves),
introduced in (86), are shown in the right frame of this
figure. The curves are marked as C, LL and UR, corre-
sponding to the three sets of values for the Gegenbauer
coefficients as in Fig.5. It is obvious that imposing the
anomaly condition as a normalization point changes the
1’ g* g vertex function in a significant way for low space-like
values. For our choice of the interpolating function, this
change is marked for |¢7| < 1GeV?, increasing the ab-
solute value of the function and reducing the theoretical

dispersion on the vertex function in this region arising due
to the imprecise knowledge of the Gegenbauer coefficients
in the perturbative expression.

6 Conclusions

We have calculated the 7/ g* g*) effective vertex function in
the perturbative QCD approach using the light-cone DAs
for the n’-meson with the inclusion of the n’-meson mass.
It is shown that if one of the gluons is on the mass shell,
the pole-like behavior (1) of the n'—gluon transition form
factor emerges in this approach for both the quark—anti-
quark and the gluonic parts of the form factor, and the
corresponding function H(q?,0, mf],) is perturbatively cal-
culated. The Gegenbauer coefficients, required for a quan-
titative analysis of the vertex function, have been taken
from the combined analysis of the n’—y transition form
factor and the 7°(1S) — 1’ X decay, reported by us earlier
in [9]. The corrections due to the n’-meson mass are ana-
lyzed numerically, with the result that they are important
for lower values of the gluon virtuality, in particular in
the time-like region. An interpolating formula connecting
the QCD anomaly value and the perturbative QCD be-
havior of the n’~gluon transition form factor is presented
for the space-like gluon virtuality, taking into account the
7’-meson mass, which modifies the vertex function signif-
icantly in the region |¢?| < 1 GeV? and reduces the theo-
retical dispersion in low-|¢?| region considerably.



380

A. Ali, A.Ya. Parkhomenko: The 7'g*g™ vertex including the 7’-meson mass

Acknowledgements. We would like to thank Peter Kroll and
Kornelija Passek-Kumericki for helpful correspondence. We
also thank Alex Kagan, Christoph Greub and Sheldon Stone
for numerous discussions. The work of A.Ya.P. has been sup-
ported by the Schweizerischer Nationalfonds.

References

10.
11.

T. Muta, M.Z. Yang, Phys. Rev. D 61, 054007 (2000)
[hep-ph/9909484]

A. Ali, A.Y. Parkhomenko, Phys. Rev. D 65, 074020 (2002)
[hep-ph/0012212]

P. Kroll, K. Passek-Kumericki, Phys. Rev. D 67, 054017
(2003) [hep-ph,/0210045]

S.S. Agaev, N.G. Stefanis, hep-ph/0212318

A.L. Kagan, A.A. Petrov, hep-ph/9707354

D. Atwood, A. Soni, Phys. Lett. B 405, 150 (1997) [hep-
ph/9704357]

A.L. Kagan, AIP Conference Proceedings 618, 310 (2002)
[hep-ph/0201313]; Y. Chen, A.L. Kagan, University of
Cincinnati preprint (in preparation)

M. Artuso et al. [CLEO Collaboration], Phys. Rev. D 67,
052003 (2003) [hep-ex/0211029]

A. Ali, A.Y. Parkhomenko, Eur. Phys. J. C (2003) Online
First, DOI: 10.1140/epjc/s2003-01260-y [hep-ph/0304278]
P. Ball, JHEP 9901, 010 (1999) [hep-ph/9812375]

V.M. Braun, I.E. Halperin, Z. Phys. C 44, 157 (1989) [Sov.
J. Nucl. Phys. 50, 511 (1989)]

12

13.

14.

15.

16.

17.

18.
19.

20.
21.

22.

23.

24.

25.
26.

. V.M. Braun, L.E. Halperin, Z. Phys. C 48, 239 (1990) [Sov.
J. Nucl. Phys. 52, 126 (1990)]

M.V. Terentev, Sov. J. Nucl. Phys. 33, 911 (1981) [Yad.
Fiz. 33, 1692 (1981)]

M. Beneke, M. Neubert, Nucl. Phys. B 651, 225 (2003)
[hep-ph,/0210085]

B. Geyer, M. Lazar, D. Robaschik, Nucl. Phys. B 559, 339
(1999) [hep-th/9901090]

B. Geyer, M. Lazar, Nucl. Phys. B 581, 341 (2000) [hep-
th/0003080]

AV. Radyushkin, Phys. Lett. B 385, 333 (1996) [hep-
ph/9605431]

T. Ohrndorf, Nucl. Phys. B 186, 153 (1981)

M.A. Shifman, M.I. Vysotsky, Nucl. Phys. B 186, 475
(1981)

V.N. Baier, A.G. Grozin, Nucl. Phys. B 192, 476 (1981)
M.V. Terentev, JETP Lett. 33, 67 (1981) [Pisma Zh. Eksp.
Teor. Fiz. 33, 71 (1981)]

A.V. Belitsky, D. Muller, Nucl. Phys. B 537, 397 (1999)
[hep-ph,/9804379]

T. Feldmann, Int. J. Mod. Phys. A 15, 159 (2000) [hep-
ph/9907491]

K. Hagiwara et al. [Particle Data Group Collaboration],
Phys. Rev. D 66, 010001 (2002)

S.J. Brodsky, G.P. Lepage, Phys. Rev. D 24, 1808 (1981)
T. Feldmann, P. Kroll, Phys. Rev. D 58, 057501 (1998)
[hep-ph,/9805294]



